O Notation and background material. For the most part we will follow the notation in [Ha 1] as closely as possible. For the convenience of the reader we have included as much as possible. In this section we state most of the theorems that have been used.
(0.1) If S? is a sheaf of abelian groups on a topological space X, then the global sections of S? over X are denoted by Γ(^), or by T{X 9 &) in case of ambiguity.
(0.2) All manifolds and spaces are complex analytic, unless specified otherwise. All dimensions are over C. Complex analytic is often abbreviated to analytic. The sheaf of X is denoted by &χ. We do not distinguish between a holomorphic vector bundle on X, and its sheaf of holomorphic sections. Hence a tensor product of a vector bundle and a coherent analytic sheaf is actually the appropriate sheaves being tensored together over <9χ.
(0.3) If S? denotes a coherent analytic sheaf on X, then χ{X,S?) or χ{^) denotes its Euler characteristic.
(0.4) When the exact dimension of a projective space is irrelevant, then we denote it by P.
HARRY D'SOUZA
(0.5) We shall use the words morphism and holomorphic map interchangeably. We denote the restriction of a morphism p:X -• Y, where Y is a complex analytic space by p s or p\ s , S being an analytic subspace of X.
(0.5.1) DEFINITION. If L denotes a line bundle on X, a complex projective variety, then L is very ample if Γ(L) spans L, and the map Φ: X -• P is an embedding.
(0.5.2) A line bundle L on a projective variety X is αra/?/e if there is an integer n such that L n is very ample. See [Ha 2] for a detailed account.
(0.5.3) If S is ample in X, where S and JSΓ are smooth, then the logarithmic Kodaίra dimension of(X, S) is defined as follows, log(X, S) = tr c f 0 Γ (X, {K x ®S) n ) \-l, \n>0 J where Kx is the canonical divisor of X. For a more general definition see [II or 12] . (0.5.4) We denote the zth direct image sheaf by p^ instead of I?*' /?•. Below we shall state without proof, some of the results on minimal pairs. See [F-So] 
Further p s :S -• Y is an elliptic fibration, and has no multiple fibres ([B-H], p. 353).
Proof. By (0.6) we can blow down (X,S) to {X',S').
Claim. Kχ> + U is numerically effective, where
Proof (of claim). Assume that K x > + L! is not numerically effective, then Kχι is necessarily not numerically effective. Hence there exists an extremal rational curve C such that (Kχ> + L!) C < 0. Since LJ is ample, Kχ> C < -2. But since C is extremal, we also have Kχ> C > -4. Hence -4 < K x , C < -2. Hence by [M, 3.12, 3.39, and 3.39 .1], the only possibility is Kχ> C = -2 and U C = 1, with C numerically effective (see [M, p. 137] ). But {K x ,+L!) C = -2+1 = -1, contrary to the assertion. Hence Kχ> +L! must be numerically effective, proving our claim.
In NE~(X') 9 the curves C such that {Kχ.+L') C = 0, form a face of the subcone NE-(X') (see [M, (1.5)] ). Hence there is a corresponding contraction /?: X 1 -> y of this face, so that A>* +1! = p* (M) , where M e Pic(Γ) is ample. But this p contracts elliptic curves in 5". Hence dim p(S f ) < 1; since S' is ample in X\ it follows that p(S l ) = 7. Hence Y is a curve or a point. If 7 is a point then Kχ> + U = ^/, whence κr(5") = 0, contradicting our assumption on κ(S f ). Hence Y must be a curve. Hence if F is a general fibre of p, then by adjunction -Kp = U F . Hence the general fibres of p are rational.
The following argument was essentially contained in [So 6 ]. Since
By the Kodaira vanishing theorem and the Riemann-Roch theorem, for n > 0:
Since the general fibres of p are rational, we see that h' °(X') = 0, for / > 2, and by Lefschetz theorem h l0 {X') = h ι °{S') = g{Y). Hence by (0.7.1) and (0.7.2) we have: and since p^ή {K x > + L') = 0; by the Leray spectral sequence, (0.7.5) h°{p*{M)) = h°{M), and h i (M) 
Hence by (0.7.4) and (0.7.5) (0.7.6) 
Proof.
We choose an open cover {£/;} of Γ, where £// is chosen small enough to have p*{%) free of rank (r + 1) over [/,. Let t/ /; denote the intersection of Uj and £//. Since Φ/ is an embedding for all /, then we have that Φij\p~ι{Uij) -* C/y x P r is also an embedding. Hence Φ* induces an embedding of X in P(/?*(lf)). α ( 
4), P(i){#χ>) = 0 and P(i){#χ'{-F)) = 0, where F is any fibre of p and i > 0.
Proof.
, where p~ι(-P) = F, we can rewrite, again using (0.11), 0χ\-F) = p* (-M -[P] ) + K x , + U and again using the same lemma we see that
, where Λf is a holomorphic line bundle on y, and F is a general fibre of p. Hence for a general fibre of p, {Kf)~~ι is ample in F. Hence F is a del Pezzo surface. We denote the degree of the del Pezzo surface by r, where r = K F -K F .
We need the following lemmas.
(1.6) LEMMA. Let {XL) be as in (0.6), with L very ample.
Given two distinct points {x, y} in X, there is a smooth A e \L\ with {x, y} in A. Given a point x and a tangent vector v at x, there is a smooth A e \L\, with x in A, and v E T A , where T A is the tangent bundle of A.
Proof. If the intersection of all A e \L\ that contain {x, y} is a finite set G, then by Bertini's theorem and the fact that a generic A € \L\ containing g e G, is smooth at #, we can find such a smooth A. On the other hand if the intersection of all A e \L\ that contain {x, y} is not a finite set then since Γ(L) embeds Jf in P, it follows that the intersection must contain a line h. Let f h denote the ideal sheaf of h in X. Since the zero set of the general section of L®/ h gives rise to a non-zero section of (^/^2) ® £, it follows that the zero set A of the general section oϊ L®/ h is smooth along h. Hence again by Bertini's theorem A is smooth. A similar argument holds in the case x e X, and v a tangent vector at X. D (1.6.1) LEMMA. IfL is very ample then L! is locally very ample with respect to p.
and U is ample. See [So 2] for details. Also from the exact sequence:
Also since S is an elliptic surface of non-negative Kodaira dimension, it is non-ruled in particular. Hence by [So 3] K S <8>L S is spanned. Also note that: 
Hence L s L S > 6, proving the claim.
From the exact sequence:
On tensoring the above sequence with (^/ ®L') n~ι we see that by the Kodaira vanishing theorem, H'(X', {K x 
Hence the sections of {K s ,) n ® L' lift to sections of (A^ ® L') n ® ZΛ Since ^(ίS') is non-negative (A^/)" 7^ 0, for some n > 0, so L ® π*((Λ^/)") is very ample on S, where π is as in (0.6 Proof. By (0.6) L! is ample, and by (1.6.1) we also know that L S L S > 6. We first show that K s < ®L S > is spanned by global sections. We have the following exact sequences: , K x , ® V) = 0 by the Kodaira vanishing theorem, we see that 
where Jΐ is a holomorphic line bundle over Γ. U is the line bundle given by 5" in X', F is a general fibre of p, and iV is some integer. By (1.7.1) {K F )~ι is ample in F, hence F is a del Pezzo surface and in particular F is rational. We first calculate Σ S 1 on X', where Σ is singular fibre of p\ S >. Since Σ ~ E on 5" where Z? is a smooth elliptic curve on S"; we have Σ S' = £ S 1 in A 7 and also E -S f = (E -E) F , and since £ = S' F, £ is ample in F. Also by (1. 
X' % P(p (-*>,)) such that Φ is a 2 : 1 cover ofT?(p*(-Kχ,)) branched along a surface that intersects every fibre of π along a quartic curve (not necessarily smooth).
Proof. We first note that p*(-Kχ>) is locally free of rank 3. Hence by Propositions (1.2) and (1.6.2), there exists a morphism Φ:X -• Now by (2.1.0), it follows that Φ is 2 : 1 everywhere along the smooth fibres of p, and along the singular fibres, by the remark and noting that there are only finitely many singular fibres, it follows that Φ is 2 : 1 almost everywhere except along some isolated points. But this being a set of codimension 2, Φ extends over to be 2 : 1 everywhere. D Proof. Since Φ is 2 : 1 over P(^), it follows that the pullback of an ample divisor is again ample. Let φ = Φ\ F where F denotes a general fibre of /?, then
K F = φ*(K F2 ) + B = φ*(-3H) + B
where H is the hyperplane in P 2 , and B is the branch locus. Also Proof.
2B = φ*(4H). Hence B = φ*(2H), so that -K F = φ*(H). Thus -K F is ample in
where det^) is the determinant bundle of 2^. Hence for any general fibre F of %χ>, we have:
thus (Λ^)" 1 is very ample in F. Since X"^3 ® π*(Jt')\ 9 it must be a del Pezzo surface of degree 3 in P 3 . D (2.2.3) REMARK. From the proof of (2.2.2), since Y is smooth it follows that K γ <g> det(2^)
Proof. Since ample line bundles restrict, Φ(^Γ') is ample, and since dimP(^) is 4, by Lefschetz theorem
Before proceeding, we need the following classical result. Proof. By (1.6.1) and (1.8) we have the embedding and the commutativity of the diagram of morphisms. If JF is a smooth fibre of /?, then by (2.3.0) we can always find smooth quadrics & 0 and &\ in P 4 , containing F. Hence the fibre of π contains a pencil of quadrics intersecting in F. If we denote this linear system by \@ λ \ = \λ §@ § + λ\<&\\> then by Bertini's theorem we can always find a non-singular & λ containing F.
Claim. This holds true even for singular fibres.
Proof {of claim).
Let ζ be the tautological line bundle of P(^), Ψ* = p*{-K x ,), and f x , the ideal sheaf of X 1 in P(2^). Then we have the following short exact sequence: which gives rise to the following long exact sequence:
noting that π*(ξ 2 ) = c5* 2 (^), and so has rank 15, and since a smooth fibre of p is a local complete intersection of two quadrics in P 4 , by (2.3.0), it follows that π*{ζ 2 \ x >) is locally free of rank 13 in the neighborhood of this smooth fibre. But by (1.4) it is everywhere of the same rank 13. Since the problem is local we let y 0 e Y be a point over which the fibre of p is singular, say S o . Since Φ is an embedding, we think of SQ in P(2^). Let Δ = A yo be a small neighborhood of >>o, chosen small enough so that TT*(£ 2 )|A is free of rank 15, and π*{ζ 2 \χ')\Δ is free of rank 13. So locally at Δ, we have the following exact sequence: 0-+JΓ-* π*(ζ 2 ) Λ π*(φ) -π {ι) (ζ where 3£ is the kernel of β. Now X is at least of rank 2, and so S o is at least contained in an intersection of two quadric hypersurfaces. We need to show that ^ is generated by exactly two elements, from which it will follow that locally β is surjective. Now let SQ lie in say a Π a 1 in π~ι{y 0 ) = P 4 . We note that deg(SΌ) = 4. So we have the following possibilities:
(i) Both β and S 1 are irreducible (ii) β is irreducible but & is not (iii) 3 and &' are both irreducible without a common component (iv) β and β 1 are both reducible having one linear factor in common (v) β = & = L\ U Li where L/ is a linear factor We first note that since the degree of the general fibre is 4, the only possible fibres of ps> are of type I#, where b < 4, and type II, III and IV. We also note that none of these have components of multiplicity > 1. This is because U n SQ is reduced (see 0.7). Hence the fibre of p cannot have components of multiplicity > 1, because otherwise L! will intersect So in a non-reduced fibre. We now show that none of (i), (ii), (iii), (iv) and (v) are possible.
In (i), (ii) and (iii), deg(*f ntf") = 4 = deg(S 0 ), and S o is reduced.
Hence S 0 =aT\^f.
). Now L = P 3 and Li Π L 2 = P 2 . And SO is in P 3 U P 2 , and we have the following possibilities:
(a) L\ Π L 2 is not a component of So, in which case, SO is in P 3 . (b) L\ Γ)L 2 is a component of So, whereby So = Si US 2 , S\ is in P 3 , and S 2 is in P 2 , deg(SΊ) = 3, deg(S 2 ) = 1. In (a), the general hyperplane in π~ι(y 0 ) Π X\ given by the line bundle Z/, will intersect SQ in a plane quartic curve, say C. But then χ((f c ) ψ 0, and since χ{/fc) = 0, for a general fibre of p s ,, we have a contradiction.
In (b), since deg(Si) = 3, and deg(S 2 ) = 1, the general hyperplane section given by L! will possibly intersect So as follows:
(i) Si in an irreducible cubic, and S 2 in a line. But in [Ko 1] , no such configuration occurs.
(ii) Si in a reducible cubic (conic + line, or, three lines) and S 2 in a line. Upon examining all possible configurations, we see again by [Ko 1] , that none of them occur.
Case (v) cannot occur for then rank of X will be less than 2. Hence none of the above cases occur, thus making π*(ξ 2 \χ') locally free of rank 13. Hence at >>o, X has rank 2. This holds for all singular fibres which are finitely many. Hence Φ(X') is a local complete intersection in the neighborhood of every fibre. (2.4.0) REMARK. Before proceeding we need to note the following facts:
(a) A smooth del Pezzo surface of degree 7 has exactly three exceptional curves, and exactly one of them meets each of the other two in a point of multiplicity one.
(b) A smooth del Pezzo surface of degree 8 has a unique exceptional curve. It is also possible for this surface to be isomorphic to P 1 x P 1 , but we do not consider such surfaces in the following discussion.
(c) If E denotes the exceptional curve in each of (a) and (b), and F denotes the general fibre of p as in (2.0), and (X 1 , L') as in (0.6.1), then by (0.11) it follows that L'E = -K x , E = -K F E (by adjunction and since E is in F, EF = 0 in X'). But by adjunction K F E+EE = -2, so that K F E = -l. Hence V E = 1. Proof. We first try to prove the following
